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ABSTRACT 
The natural frequencies determined by using finite 

element or finite difference models of order n  are fairly 
accurate only about 3n of lower eigenvalues of the 

underlying continuous system. The natural frequencies of a 
uniform rod with 60=n and exact solution are demonstrated 
in Figure 1. The new model to improve this existing problem 
has been developed. The model named as a spectral 
conforming discrete model can estimate the n  lowest 
eigenvalues of the continuous system with uniform 
accuracy. The essential ingredient in building of such a 
model is the inverse eigenvalue problem of reconstructing a 
chain of mass-spring system with prescribed spectral data 
[1]. 

Consider a non-uniform axially vibrating rod of length 
L , axial rigidity ( )xp , and mass per unit length ( )xρ , 

which is fixed at 0=x  and free to oscillate at Lx = , as 
shown in Figure 2. The axial motion ( )txu ,  of the rod at the 

time t  is governed by the differential equation (1) and two 
boundary conditions (2). 
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This non-uniform rod shown in Figure 3 may be 
approximated as a piecewise continuous rod with r uniform 
parameters 

ip and
iρ  within the i th element. In order to 

determine a higher order spectral conforming element model, 
a uniform rod element of length L, axial rigidity p, and mass 
per unit length ρ  in Figure 4 is considered. A matrix A  

which is reconstructed from spectral data is defined as 
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The matrix A is symmetric tridiagonal with positive diagonal 
element 

lα and negative off diagonal 
jβ . 
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From the matrixA , the stiffness matrix K  and the mass 
matrix M  can be determined using the Lanczos method [2]. 
The essential novelty in the spectral conforming model 
introduced here is that the dynamic response of the 
continuous system is fitted to the spectrum of the discrete 
estimating model. 

As an example, an exponential rod of length L , 
constant Young’s modulus of elasticity E , constant density 
γ , and variable cross sectional area xeA = , is presented. 

The rod is fixed at 0=x  and free to oscillate at Lx = , as 
shown in the figure 5. The eigenvalues of this system have 
been approximated by using finite differences and spectral 
conforming model. The finite difference model implemented 

60=n  elements of equal length. The spectral conforming 
model used 4=n  elements of equal length, each of order 

15=r . Hence, the global matrices in the three approximating 
methods used are of the same dimension 6060× . The 
various results obtained are shown in Figure 6. As expected 
the spectral conforming model yields superior overall 
estimation with uniform accuracy for all eigenvalues 
predicted. 

Future research in this topic involves extending the 
method to include tapered elements that can better capture 
the geometry of a non-uniform rod. Broadening the method 
over two and three-dimensional elements appears to be a 
challenging problem. 
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FIGURES AND TABLES 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1. Predicted natural frequencies using Finite 
Difference Model, Finite Element Model and Exact Solution 

for 60-digree-of-freedom model. 

 
 
 
 
 
 
 
 
 

Figure 2. Non-uniform axially vibrating rod. 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 3. An r-degree-of-freedom element 
 
 
 
 
 
 
 
 
 
 
 
Figure 4. An rth order spectral conforming element model 

 
 
 
 
 
 
 
 

Figure 5. Exponential rod 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6. Predicted  natural  frequencies  using Finite 
Difference Model, Spectral Conforming Model and Exact 

Solution. 
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